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Definition and Examples

Matrix
Definition
A matrix is an m x n array of numbers a; where i =1,...,m,
j=1,...,n of the form
[a11 a2 a1z - ain |
a1 a2 axs - azn
d31 a3
A= [alJ] = )
_aml P amn_

The set of matrices of size m x n is denoted by M,,,(C). If m=n A'is
called square matrix.
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Definition and Examples

Definition
A square matrix A is called a diagonal matrix if each of its non-diagonal
element is zero. That is a;j = 0 if / # j and a;; # 0.
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Definition and Examples

Definition
A square matrix A is called a diagonal matrix if each of its non-diagonal
element is zero. That is a;j = 0 if / # j and a;; # 0.
Example
1 00
(1) |0 1 0],
0 01
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Definition and Examples

Definition
A square matrix A is called a diagonal matrix if each of its non-diagonal
element is zero. That is a;j = 0 if / # j and a;; # 0.
Example

[1 0 0
(1) |0 1 0

001

[i 0 0 0O

04000
(2) 10 0 300

00050

0 0 0 0 2
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Definition and Examples

Toeplitz Matrix

Definition

An n x n matrix T, = [t;j] € M,,(C) is Toeplitz Matrix if t; = tj_; for
1, i.e., a matrix of the form

ij=01,...,n—

to th B
t_q to t
t_o t_q1
to
LE—(n—1) t1

th—1

t1
to |
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Definition and Examples

Examples of Toeplitz Matrices

4 5 1
7 45
(1) |i 7 4
0/ 7
00 i

0

~N B~ O

0

banded Toeplitz Matrix,

> 1= O

v
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Definition and Examples

Examples of Toeplitz Matrices

4 5100
7 45 10
(1) i 7 4 5 1| banded Toeplitz Matrix,
0 i/ 7 45
00 i 7 4
(14 3i 0 0
1 14 3i .
(2) 10 14 3/ 0| tridiagonal matrix,
: 1 14 3
0 0 1 14
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Definition and Examples

Examples of Toeplitz Matrices

4 5100
7 45 10

(1) i 7 4 5 1| banded Toeplitz Matrix,
0 / 7 45
00 i 7 4
(14 3i 0 0]
1 14 3i

(2) {0 1 14 3i 0| tridiagonal matrix,
: 1 14 3
0 0 1 14]
(1 2 3 4
4 1 2 3| . .

(3) 34 1 2 circulant matrix.
2 3 4 1
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Definition and Examples

Circulant matrix

Definition

An n x n matrix C = [¢jj] € M,,(C) is a circulant matrix if ¢;j = ¢y,
where i,j =0,1,...,n—1and j— i = | — k(modn), i.e., if it has the form

below

Co
Ch—1
Ch—2

G

1
(&)
Ch—1

(&)
1

Ch—1

(5]
()]
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Definition and Examples

Eigenvalues and eigenvectors

Definition

A scalar ¢ € C is called an eigenvalue of the n x n matrix A € M,,(C)
if there is a nontrivial solution y € C" of

Ay = y.

Such an y is called an eigenvector corresponding to the eigenvalue .
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Definition and Examples

Eigenvalues and eigenvectors

Definition
A scalar ¢ € C is called an eigenvalue of the n x n matrix A € M,,(C)
if there is a nontrivial solution y € C" of

Ay = y.

Such an y is called an eigenvector corresponding to the eigenvalue .

Theorem
A scalar 1 is an eigenvalue of an n X n matrix A <= 1 satisfies the
characteristic equation

det(A — 1) = 0.
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Definition and Examples

Example
Let T € M,,(C).
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Definition and Examples

The characteristic equation is

1+i 0 0] [¢ 0 0
det(T — /) =det| | 0 —4 —3|—]0 v 0||=0
0 1 0 0 0 ¥
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Definition and Examples

The characteristic equation is

det(T —ol) =det

det

1+i 0 0
0 -4 -3
0 1 0

[(1+i— 0
0 —4— 1)
0 1

0
0

-3

o< o
< o o
1
o

Il
o

Anna Zborowska On some properties of circulant matrices

19 November 2017

9/ 28



Definition and Examples

The characteristic equation is

1+4i 0 0 Y 0 0
det(T — ¢/) =det 0 —4 -3/—1|0 ¢ ofl|=0
0 1 0 0 0
[1+i—1 0 0
det 0 —4—q —3|=0
0 1 —1

(I+i=y) (4 =) (=) +3(1+i-4)=0
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Definition and Examples

The characteristic equation is

1+4i 0 0 Y 0 0
det(T — ¢/) =det 0 —4 -3/—1|0 ¢ ofl|=0
0 1 0 0 0
[1+i—1 0 0
det 0 —4—q —3|=0
0 1 —1

(I+i—o)(—4—y) (=) +3(1+i—4)=0
¢1:—37 1/]2:1+I7 1/}3:_1
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Definition and Examples

For each eigenvalue 1, we have (T — ¢l)y = 0, where y is the eigenvector

associated with eigenvalue .

For1/11:—3
1+i+3 0 0] |xq
(T —ol)y = 0 —4+3 3| |x|=0
0 1 3| |x3
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Definition and Examples

For each eigenvalue 1, we have (T — ¢l)y = 0, where y is the eigenvector
associated with eigenvalue .
For ¢1 =-3
1+i+3 0 0| [x1
(T —vly= 0 —4+43 3| |x| =0
0 1 3| |x3
(4 =+ i)Xl =0
—X2 — 3X3 =0
X2 + 3X3 = 0
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Definition and Examples

For each eigenvalue 1, we have (T — ¢l)y = 0, where y is the eigenvector

associated with eigenvalue .

For1/11:—3
1+i743 0
(T—vly=| 0  —4+3 -3
0 1
(4+/)X]_:0 X1:O
—x2 —3x3 =0 — Xo = —3x3
X2+ 3x3 =0 x3 €C
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Definition and Examples

For each eigenvalue 1, we have (T — ¢l)y = 0, where y is the eigenvector
associated with eigenvalue .
For ¢1 =-3
1+i+3 0 0| [x1
(T—oly = 0 —4+4+3 3| |x| =0
0 1 3| |x3
(4+/)X]_:0 X1:O
—x2 —3x3 =0 — Xo = —3x3 — Vi = (0, -3, 1)
X2+ 3x3 =0 x3 €C
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Definition and Examples

For o =141
0 0 0 X1
(T—9vly=1(0 —4—-1—-j =3 xo| =0
0 1 —1—1i| |x3
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Definition and Examples

For o =141
0 0 0 X1
(T—9vly=1(0 —4—-1—-j =3 xo| =0
0 1 —1—1i| |x3
0=

(=5 —i)x2+(—3)x3 =0
X2+(—1—i)X3:0
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Definition and Examples

For o =141
0 0 0 X1
(T—9vly=1(0 —4—-1—-j =3 xo| =0
0 1 —1—1i| |x3
0= X1 =
(-5—Nx2+(-3)x3=0 =< x=0
X2—|-(—1—i)X3:0 x3 =20
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Definition and Examples

For o =141
0 0 0 X1
(T—9vly=1(0 —4—-1— -3 x| =0
0 1 —1—1i| |x3
0=0 x1 =20
(-5—Nx2+(-3)x3=0 = xx=0 = v, =(0,0,0)
X2—|-(—1—i)X3:0 x3 =20
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Definition and Examples

For 3 = —1
1+7i+1 0 0] |x1
(T —oly = 0 —4+1 3| |x|=0
0 1 1| [x3
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Definition and Examples

For 3 = —1
1+/7/+1 0 0f [x
(T—=¥l)y = 0 —4+1 3| |x|=0
0 1 1| [x3
(2+iX1:0
—3x —3x3 =0
xo+x3=0
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Definition and Examples

For 3 = —1
1+i+1 0 0] [x1
(T —oly = 0 —4+1 3| |x|=0
0 1 1| [x3
(2+iX1:0 X1 =
—3X2—3X3:0 — —X2 = X3
xo+x3=0 Xo = —X3
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Definition and Examples

For 3 = —1

(T =4l)y =

(2+iX1:0
—3x —3x3=0
xo+x3=0

Anna Zborowska On some properties of circulant matrices

1+7+1 0 0 |x

—44+1 -3 |x| =0

X1 =

—X2 = X3 = V3 = (0,—1, 1)

X2 = —X3

19 November 2017

12 /28



Some properties of circulant matrices

Eigenvalues and eigenvectors of circulant matrices.

The eigenvalues ¢ € C and the eigenvectors y € C" of C are the solutions
of Cy = y.

v
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Some properties of circulant matrices

Eigenvalues and eigenvectors of circulant matrices.

The eigenvalues ¢ € C and the eigenvectors y € C" of C are the solutions

of Cy = y.

Co
Ch—1

Cn—1

(4]
(o))

Cn—1 Yo P yo
2| | » (%1
c | Wn-1 Y Yn-1
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Some properties of circulant matrices

Eigenvalues and eigenvectors of circulant matrices.

The eigenvalues ¢ € C and the eigenvectors y € C" of C are the solutions
of Cy = y.

Q@ ¢ - Cn—1 Yo P yo
Ch-1 C - 2| | M (%1
Cn—1 R« N W 7 Y Yn-1

coyo+cyr+ ...+ ch-1¥n—1 = VY0
Ch—1Yo+ Coy1+ ...+ Ch2Yn—1 = ¥y1

ayot oyl + ...+ oYn—1 = yn—1
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Some properties of circulant matrices

m—1 n—1
> CommikVe+ Y ChemYk = Ym,
k=0 k=m
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Some properties of circulant matrices

m—1 n—1
ch—m+k)/k+ Z Ck—myk:¢ym7 where m:O71)"'7n_1'
k=0 k=m
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Some properties of circulant matrices

m—1 n—1
ch—m+k)/k+ Z Ck—myk:¢ym7 where m:O71)"'7n_1'
k=0 k=m
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Some properties of circulant matrices

m—1 n—1
ch—m+k)/k+ Z Ck—myk:¢ym7 where m:O71)"'7n_1'
k=0 k=m

! N\
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Some properties of circulant matrices

m—1 n—1
ch—m+k)/k+ Z Ck—myk:¢ym7 where m:O717"'7n_1'
k=0 k=m

l N\
n—1

m—1
> CrmikYk = . CkYk+m—n and
k=0

k=n—m
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Some properties of circulant matrices

m—1 n—1
ch—m+k)/k+ Z Ck—myk:¢ym7 where m:O717"'7n_1'
k=0 k=m

! N\

m—1 n—1 n—1 n—1—m
> ComikVk = Y, CkYikgm-n ad D CkemYk = D CkVktm-
k=0 k=n—m k=m k=0
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Some properties of circulant matrices

m—1 n—1
ch—m—i-k)/k"‘ Z Ck—myk:¢ym7 where m:O)]-?"'an_]-'
k=0 k=m

! N\

m—1 n—1 n—1 n—1—m
> ComikVk = Y, CkYikgm-n ad D CkemYk = D CkVktm-
k=0 k=n—m k=m k=0

n—1—m n—1

> Vkamt+ D Cktmen =V Ym

k=0 k=n—m
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Some properties of circulant matrices

Guess yx = pX where p # 0, then
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Some properties of circulant matrices

Guess yx = pX where p # 0, then

n—1—m

n—1
Yoo+ D apf T =y ™
k=0 k=n—m
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Some properties of circulant matrices

Guess yx = pX where p # 0, then

n—1—m

n—1
Yoo+ D apf T =y ™
k=0 k=n—m
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Some properties of circulant matrices

Guess yx = pX where p # 0, then

n—1—m n—1
Yoo+ D apf T =y ™
k=0 k=n—m
!
n—1—m n—1
Yooap " D apt =1
k=0 k=n—m
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Some properties of circulant matrices

Guess yx = pX where p # 0, then

n—1—m n—1
Yoo+ D apf T =y ™
k=0 k=n—m
!
n—1—m n—1
Yoo+ Y an =0
k=0 k=n—m
If p™" =1, we have
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Some properties of circulant matrices

Guess yx = pX where p # 0, then

n—1—m n—1
Yoo+ D apf T =y ™
k=0 k=n—m
!
n—1—m n—1
Sooap " D ak =
k=0 k=n—m
If p™" =1, we have

n—1
¢ = Z Ckpk,
k=0
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Some properties of circulant matrices

Guess yx = pX where p # 0, then
n—1—m n—1
Yoo+ D apf T =y ™
k=0 k=n—m
l
n—1-m n—1
Yoo+ Y an =0
k=0 k=n—m
If p™" =1, we have
n—1
=) apt, and y= %
k=0
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Some properties of circulant matrices

Guess yx = pX where p # 0, then
n—1—m n—1
Yoo+ D apf T =y ™
k=0 k=n—m
l
n—1-m n—1
Sooap " D ak =
k=0 k=n—m
If p™" =1, we have
1
n—1 L
¢:chpk, and y:\% ,yG(C”.
k=0
pnfl
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Some properties of circulant matrices

For p™ = e~2mim/n ; —0,1,...,n— 1, we have basic defnition of an
eigenvalues of C
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Some properties of circulant matrices

For p™ = e~2mim/n ; —0,1,...,n— 1, we have basic defnition of an
eigenvalues of C

n—1
Vm = chefzmmk/", m=0,1,...,n—1,
k=0
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Some properties of circulant matrices

For p™ = e~2mim/n ; —0,1,...,n— 1, we have basic defnition of an
eigenvalues of C

n—1
Vm = chefzmmk/", m=0,1,...,n—1,
k=0

and basic defnition of an eigenvector
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Some properties of circulant matrices

For p™ = e~2mim/n ; —0,1,...,n— 1, we have basic defnition of an
eigenvalues of C

n—1
Vm = chefzmmk/", m=0,1,...,n—1,
k=0

and basic defnition of an eigenvector
- 1 -

e—2mim/n

e—27rim(n—1)/n
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Some properties of circulant matrices

Example

w

1
Let C = |3
]

W = .
I

19 November 2017 17 / 28

Anna Zborowska On some properties of circulant matrices



Some properties of circulant matrices

Example

- W

1
Let C = |3
]

W = =
—_ -~

n—1
Um = chefz’”mk/", m=0,1,...,n—1,
k=0

19 November 2017 17 / 28
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Some properties of circulant matrices

Example

- W

1
Let C = |3
]

W = -
=~

n—1
Um = chefz’”mk/", m=0,1,...,n—1,
k=0

Eigenvalues of C

.
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Some properties of circulant matrices

Example

- W

1
Let C = |3
]

W = -
=~

n—1
Um = chefz’”mk/", m=0,1,...,n—1,
k=0

Eigenvalues of C

Yo =

.
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Some properties of circulant matrices

Example
1 7 3
Let C=1|3 1 i
i 31

n—1
Um = chefz’”mk/", m=0,1,...,n—1,
k=0

Eigenvalues of C

Yo = cpe® + 1€ 4 c2e® =

.
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Some properties of circulant matrices

Example
1 7 3
Let C=1|3 1 i
i 31

n—1
Um = chefz’”mk/", m=0,1,...,n—1,
k=0

Eigenvalues of C

wo:coe°+c1e0+cze0:1+i+3:

.
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Some properties of circulant matrices

Example
1 7 3
Let C=1|3 1 i
i 31

n—1
Um = chefz’”mk/", m=0,1,...,n—1,
k=0

Eigenvalues of C

¢0:Coeo+CleO—|—C2e°:1+i+3:4_|_,"

.
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Some properties of circulant matrices

Example

w

1
Let C = |3
]

W = -
R

n—1
Um = chefz’”mk/", m=0,1,...,n—1,
k=0

Eigenvalues of C
¢0:Coeo+CleO—|—C2e°:1+i+3:4_|_,"
Py =

y
Anna Zborowska On some properties of circulant matrices 19 November 2017 17 / 28



Some properties of circulant matrices

Example

w

1
Let C = |3
]

W = -
_ -

n—1
Um = chefz’”mk/", m=0,1,...,n—1,
k=0

Eigenvalues of C
¢0:Coeo—l—CleO—l—czeO:1+i+3:4_|_,"

V1 = Con + Cle—27r11/3 + Cze—27r12/3 _

.
19 November 2017 17 / 28

Anna Zborowska On some properties of circulant matrices



Some properties of circulant matrices

Example

w

1
Let C = |3
]

W = -
_ -

n—1
Um = chefz’”mk/", m=0,1,...,n—1,
k=0

Eigenvalues of C

¢0:Coeo—l—CleO—l—czeO:1+i+3:4_|_,"
V1= coe® + cre 3 e 23 =1 (=L — i) +3(— L+ i)

y
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Some properties of circulant matrices

Example

w

1
Let C = |3
]

W = -
_ -

n—1
Um = chefz’”mk/", m=0,1,...,n—1,
k=0

Eigenvalues of C
¢0:Coeo—l—CleO—l—czeO:1+i+3:4_|_,"
P = Coeo + Cle—zm‘l/3 + C2€—27ri2/3 -1+ i(— % . l@) +3( - % . :?)

=1(-1+V3-i+3iV3),

y
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Some properties of circulant matrices

Example

w

1
Let C = |3
]

W = -
_ -

n—1
Um = chefz’”mk/", m=0,1,...,n—1,
k=0

Eigenvalues of C

Yo =coe® +c1® + e =1+ i+3=4+1,

Y1 = el + cre 23 4 e 223 — g 4 j(— 1 i) 4 3(— 143
=1(-1+V3-i+3iV3),

o =

y
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Some properties of circulant matrices

Example

w

1
Let C = |3
]

W = -
_ -

n—1
Um = chefz’”mk/", m=0,1,...,n—1,
k=0

Eigenvalues of C

¢0:Coeo—l—CleO—l—czeO:1+i+3:4_|_,"
1 = e + cre 23 e 23 — 1 (= 1 - i3) 4+ 3(— 1 4+i)
=L(-1+V3-i+3iV3),

Yo = coe® + cre2T2/3 4 2T =

y
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Some properties of circulant matrices

Example

1
Let C = |3
]

W = -
- W

n—1
Um = chefz’”mk/", m=0,1,...,n—1,
k=0

Eigenvalues of C

¢0=C060+C160—|—cze°:1+i+3:4+,'

Y1 = coe® 4 c1e 23 4 e 27”2/3—14—:(—%—:‘[)4—3( %-1-/?)
=3(-1+V3-i+3iV3),

Vo = cpe® + cre2™2/3 4 e 2m4/3 = =1+i(—3+i%

M\l—l
]
%

w
SN—

?)+3(-

y
Anna Zborowska On some properties of circulant matrices 19 November 2017 17 / 28




Some properties of circulant matrices

Example

1
Let C = |3
]

w = -
_ - W

n—1
Vm = chefz’”mk/", m=20,1,...,n—1,
k=0

Eigenvalues of C

Vo =coe® +c1e®+ e =1+i+3=4+1i

Y1 = coe® 4 c1e 23 4 e 27”2/3—14—:(—%—:‘[)4—3( %-1-/?)
=3(-1+V3-i+3iV3),

Uy = e’ + c1e 223 e 3 =1 1 j(— L 4 iY
=1(-1-v3-i-3iV3).

M\l—l
~—
%

w
SN—

?)+3(-




Some properties of circulant matrices
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Some properties of circulant matrices

6727rim/n

Ym =

S

ef2ﬂ’im(nfl)/n
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Some properties of circulant matrices

6727rim/n

s
I
S

ef2ﬂ’im(nfl)/n

Eigenvectors of C
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Some properties of circulant matrices

6727rim/n

ef2ﬂ’im(nfl)/n

Eigenvectors of C

Yo =
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Some properties of circulant matrices

6727rim/n

ef2ﬂ’im(nfl)/n

Eigenvectors of C
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Some properties of circulant matrices

6727rim/n

ef2ﬂ’im(nfl)/n

Eigenvectors of C
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Some properties of circulant matrices

6727rim/n

ef2ﬂ’im(nfl)/n

Eigenvectors of C

1 1
_ 1 _ 1 —2ni/3
V3 1 3 o—2mi2/3
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Some properties of circulant matrices

6727rim/n

ef2ﬂ’im(nfl)/n

Eigenvectors of C

1 1
_ 1 _ 1 —27i/3 _
Yo = 11, n= e y2 =
V3 1 3 e—27i2/3

Anna Zborowska On some properties of circulant matrices 19 November 2017 18 / 28



Some properties of circulant matrices

6727rim/n

ef2ﬂ’im(nfl)/n

Eigenvectors of C

1 1 1
_ 1 _ 1 —271'i/3 _ 1 —271'i2/3
Yo = 1|, 1= e y2 = e
\/§ 1 3 e727ri2/3 3 ef2Tri4/3
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Matrix Operations on Circulant Matrices
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Matrix Operations on Circulant Matrices

Let & := e>™™k/" ¢ C be n- th roots of unity, for n € N. Then
U € Mpn(C) is matrix of the form
1 1 1 1
1 ¢ g2 g1
1 2 4 2(n—1)
U= NG 1 ¢ € €
1 el 2(n-1) (n-1)(n—1)
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Matrix Operations on Circulant Matrices

Let & := e>™™k/" ¢ C be n- th roots of unity, for n € N. Then
U € Mpn(C) is matrix of the form

1 1 1 1
1 ¢ g2 gn—1
1 2 4 2(n—1)
U= NG 1 ¢ € €
1 el 2(n-1) (n-1)(n—1)

Theorem
U € M,,(C) - unitary matrix <= UU* = U*U = |.
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Matrix Operations on Circulant Matrices

Theorem

Let C = [¢jj] € Mpy(C) - circulant matrix, and U € M,,(C) - unitary

matrix . Let W = diag(vo, 1, ..,1¥n—1) diagonal matrix with eigenvalues
on diagonal. Then

C=Uvu~.

Anna Zborowska On some properties of circulant matrices 19 November 2017 20 / 28



Proof

Let C = [c;j] € Mpn(C) - circulant matrix, U € M,(C) - unitary matrix.
Let W = diag(vo, 1, . ..,%¥n—1) diagonal matrix, then
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Proof

Let C = [c;j] € Mpn(C) - circulant matrix, U € M,(C) - unitary matrix.
Let W = diag(vo, 1, . ..,%¥n—1) diagonal matrix, then

C=UVU" < CU = UV.
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Matrix Operations on Circulant Matrices

o)) c1 (o) s Cn—1 1 1 1 e 1
Cn—1 [e)) c1 Cn—2 1 € e? en—1
Ch—
cU=-=L "~ .
vn :
< c_1 E(n72)(n71)
a . Cn—1 < 1 g1 g2n-1) - 2(h=1)(n-1)
20,0 a0,1 40,2 - ao,n—1
a0 a1 s al,n—1
_ 1 _ 1
—Val| : _ﬁ[a/v’"]’
_anfl,O o an—1,n—2 an—1,n—1

where I, m=20,--- ,n—1.
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Matrix Operations on Circulant Matrices

n—1
[a1,0] = Z Ck

n—I—1 n—1
[al,l] — Z Ck6k+l + Z Cké‘k n+l _ Z Ck€k+/
k=n—1 k=0
n—/-1 n—1 n—1
= n + n= —n+ = n— +
[a1,n-1] e DD | el k=n+1) e kD
k=0 k=n—I k=0

Because " = 1 the above equations are equal.
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Matrix Operations on Circulant Matrices

1
1
_ 1
U\U—%
1
o
o
1
T Vn
o

1 Yo 0 0
6”71 0 1/)1
(n=2)(n—1)
cn-1(-1 | | 0 0 o1
wn—l
wlen 1
7nbn71€(n_1)2

Because ¢, = Z cxe2mimk/n we have CU = UV, and because U-

unitary matrix We have C=UvUu.
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Matrix Operations on Circulant Matrices

Theorem
LetC = [c;j] € Mpn(C), B = [bij] € Mpa(C) are circulant matrices with
eigenvalues

n—1

n—1
Vm = Z cke_zmmk/”, Bm = Z bke_zmmk/”, respectively.
k=0 k=0

Then
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Matrix Operations on Circulant Matrices

Theorem
LetC = [c;j] € Mpn(C), B = [bij] € Mpa(C) are circulant matrices with
eigenvalues

n—1

n—1
Vm = Z cke_h’mk/”, Bm = Z bke_zm’"k/”, respectively.
k=0 k=0

Then

(1) C, B commute and

CB = BC = UU",

where v = diag(¥mfm), and CB is also circulant matrix.
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Matrix Operations on Circulant Matrices
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Matrix Operations on Circulant Matrices

(2) C + B is a circulant matrix and
C + B = UQU,

where Q = diag(¢Ym + Bm).
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Matrix Operations on Circulant Matrices

(2) C + B is a circulant matrix and

C+ B=UQU",

where Q = diag(¢Ym + Bm).

(3) If ym #0;, m=0,1,...,n—1, then C is nonsingular and
Cl=uvtyr )
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Matrix Operations on Circulant Matrices

(1) C = UVU* B = UdU*, where ¥ = diag(¢m) and ® = diag(6m)-
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Matrix Operations on Circulant Matrices

(1) C = UVU* B = UdU*, where ¥ = diag(¢m) and ® = diag(6m)-

(B =

Anna Zborowska On some properties of circulant matrices 19 November 2017 27 / 28



Matrix Operations on Circulant Matrices

(1) C = UVU* B = UdU*, where ¥ = diag(¢m) and ® = diag(6m)-

CB=UVU USU" =
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Matrix Operations on Circulant Matrices

(1) C = UVU* B= UdU*, where ¥ = diag(1)m) and & = diag(Fm).

CB =UVU USU" = UVoU* =
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Matrix Operations on Circulant Matrices

(1) C = UVU* B= UdU*, where ¥ = diag(1)m) and & = diag(Fm).

CB = UVU USU" = UVOU* = UPVU* =
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Matrix Operations on Circulant Matrices

(1) C = UVU* B= UdU*, where ¥ = diag(1)m) and & = diag(Fm).

CB =UVU USU" = UVOU* = UPVU* = UU*BUU*CUU* =
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Matrix Operations on Circulant Matrices

(1) C = UVU* B= UdU*, where ¥ = diag(1)m) and & = diag(Fm).

CB = UVU UU" = UVOU* = UPVU* = UU*BUU*CUU* = BC.
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Matrix Operations on Circulant Matrices

(1) C = UVU* B= UdU*, where ¥ = diag(1)m) and & = diag(Fm).

CB = UVU UU" = UVOU* = UPVU* = UU*BUU*CUU* = BC.

Because W®— diagonal matrix = W& = ®W and CB— circulant matrix .
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Matrix Operations on Circulant Matrices

(1) C = UVU* B= UdU*, where ¥ = diag(1)m) and & = diag(Fm).

CB = UVU UU" = UVOU* = UPVU* = UU*BUU*CUU* = BC.

Because W®— diagonal matrix = W& = ®W and CB— circulant matrix .

v

()
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Matrix Operations on Circulant Matrices

(1) C = UVU* B= UdU*, where ¥ = diag(1)m) and & = diag(Fm).

CB = UVU UU" = UVOU* = UPVU* = UU*BUU*CUU* = BC.

Because W®— diagonal matrix = W& = ®W and CB— circulant matrix .

v

(2)
C+B=
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Matrix Operations on Circulant Matrices

(1) C = UVU* B= UdU*, where ¥ = diag(1)m) and & = diag(Fm).

CB = UVU UU" = UVOU* = UPVU* = UU*BUU*CUU* = BC.

Because W®— diagonal matrix = W& = ®W and CB— circulant matrix .

v

()
C+B=UVU" + UdU* =
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Matrix Operations on Circulant Matrices

(1) C = UVU* B= UdU*, where ¥ = diag(1)m) and & = diag(Fm).

CB = UVU UU" = UVOU* = UPVU* = UU*BUU*CUU* = BC.

Because W®— diagonal matrix = W& = ®W and CB— circulant matrix .

v

(2
C+ B = UVU* + UU* = U(V + ®)U* =
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Matrix Operations on Circulant Matrices

(1) C = UVU* B= UdU*, where ¥ = diag(1)m) and & = diag(Fm).

CB = UVU UU" = UVOU* = UPVU* = UU*BUU*CUU* = BC.

Because W®— diagonal matrix = W& = ®W and CB— circulant matrix .

v

(2)
C+ B = UVWU* + UdU* = U(V + ®)U* = UQU".
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Matrix Operations on Circulant Matrices

(1) C = UVU* B= UdU*, where ¥ = diag(1)m) and & = diag(Fm).

CB = UVU UU" = UVOU* = UPVU* = UU*BUU*CUU* = BC.

Because W®— diagonal matrix = W& = ®W and CB— circulant matrix .

v

(2)
C+ B = UVWU* + UdU* = U(V + ®)U* = UQU".

(3) If W— nonsingular then
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Matrix Operations on Circulant Matrices

(1) C = UVU* B= UdU*, where ¥ = diag(1)m) and & = diag(Fm).

CB = UVU UU" = UVOU* = UPVU* = UU*BUU*CUU* = BC.

Because W®— diagonal matrix = W& = ®W and CB— circulant matrix .

v

(2)
C+ B = UVWU* + UdU* = U(V + ®)U* = UQU".

(3) If W— nonsingular then

cct=
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Matrix Operations on Circulant Matrices

(1) C = UVU* B= UdU*, where ¥ = diag(1)m) and & = diag(Fm).

CB = UVU UU" = UVOU* = UPVU* = UU*BUU*CUU* = BC.

Because W®— diagonal matrix = W& = ®W and CB— circulant matrix .

v

(2)
C+ B = UVWU* + UdU* = U(V + ®)U* = UQU".

(3) If W— nonsingular then

cCt=cuvty* =
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Matrix Operations on Circulant Matrices

(1) C = UVU* B= UdU*, where ¥ = diag(1)m) and & = diag(Fm).

CB = UVU UU" = UVOU* = UPVU* = UU*BUU*CUU* = BC.

Because W®— diagonal matrix = W& = ®W and CB— circulant matrix .

v

(2)
C+ B = UVWU* + UdU* = U(V + ®)U* = UQU".

(3) If W— nonsingular then

CCl=cuv U = uvuruv—tur =
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Matrix Operations on Circulant Matrices

(1) C = UVU* B= UdU*, where ¥ = diag(1)m) and & = diag(Fm).

CB = UVU UU" = UVOU* = UPVU* = UU*BUU*CUU* = BC.

Because W®— diagonal matrix = W& = ®W and CB— circulant matrix .

v

(2)
C+ B = UVWU* + UdU* = U(V + ®)U* = UQU".

(3) If W— nonsingular then

cCl=cuvtur = uvuruvtur = ywwlyr =

Anna Zborowska On some properties of circulant matrices 19 November 2017 27 / 28



Matrix Operations on Circulant Matrices

(1) C = UVU* B= UdU*, where ¥ = diag(1)m) and & = diag(Fm).

CB = UVU UU" = UVOU* = UPVU* = UU*BUU*CUU* = BC.

Because W®— diagonal matrix = W& = ®W and CB— circulant matrix .

v

(2)
C+ B = UVWU* + UdU* = U(V + ®)U* = UQU".

(3) If W— nonsingular then

ccl=cuvtur = uvUruvtur = UwwlUt = DUt =
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Matrix Operations on Circulant Matrices

(1) C = UVU* B= UdU*, where ¥ = diag(1)m) and & = diag(Fm).

CB = UVU UU" = UVOU* = UPVU* = UU*BUU*CUU* = BC.

Because W®— diagonal matrix = W& = ®W and CB— circulant matrix .

v

(2)
C+ B = UVWU* + UdU* = U(V + ®)U* = UQU".

(3) If W— nonsingular then

CCt=cuv U = uvuruvtur = vty = yur = 1.
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